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Abstract
Smith-Purcell radiation is generated by a charged particle beam passing close to the surface of a
diffraction grating which has a strong dependency of the emitted radiation intensity on the form of the
grating profile. For relativistic electron beam, it is important to take into account the number of grating
periods in practical SPR setups. In this paper, the theoretical investigations of Smith-Purcell radiation from a
three-dimensional bunch of relativistic electrons that moves at constant speed parallel to an electrically
perfectly conducting grating with finite rectangular grooves are carried out by using the modal matching
method. This model may offer a new efficient tool for terahertz production by SPR interaction and for
nondestructive bunch-lengthmeasurements by SPR.
Introduction
Smith-Purcell radiation[1] is originated when a charged particle travels parallel to a plane with diffraction
grating. Recent renewed interest in this problem is caused by different applications. Among these
applications are length determination for short electron bunches[2-3], creation of monochromatic light source
in the various spectral regions[4-5].
Various theoretical models were proposed for describing the SPR. However, the general theory of SPR
has not been created yet and at present there exist a number of different approaches, which sometimes are in
agreement and sometimes contradict each other[2,5]. The rigorous solution by van den Berg of the SPR from
an infinitely long grating is obtained by solving an integral equation having a periodic Green’s function[6].
For the non-relativistic electron energies, the approach developed by van den Berg ensures a reasonable
agreement with experiments. In principle, an arbitrary tooth profile can be analyzed with this approach. In
practice, extensive numerical computation is generally required to approach the asymptotic value for the
radiation intensity, however for particular case of rectangular grating, the modal matching method is
recommended since it agreeswith integralmethod, but takes shorter computational time[7] .
For relativistic electron beam, it is important to take into account the number of grating periods in practical
SPR setups. A model based on the finite-difference time-domain (FDTD) method, in which a total-field
scattered-field technique combinedwith a near- to far-field projection, is described in[8]. A frequency-domain
model based on the electric-field integral equation (EFIE)[9] extends van den Berg’s model for practical
gratings of finite length and agrees with the FDTD model. Both models are adaptable to arbitrary grating
geometries but requires extensive numerical computation. Accurate far-field measurements of SPR with a
15 MeV beam have demonstrated good agreement between measured power and the predictions of EFIE
theory[10].
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In this paper, we will develop the modal matching method for the calculations of finite-grating with
rectangular grooves, which is one of the most popular grating types. Although the EFIE theory is also still
applicable for this case, the modal matching method will take much less computation. In the previous
theoretical work [7,11,12]which applied the modal matching method on SPR from the rectangular gratings, the
periodic grating conditions are used, but operating the SPR under the periodic regime driving by the
relativistic electrons would require a large number of grating grooves which is difficult to fulfill in the
practical experiments.
FormulaDerivation
Fig. 1 TheSPRscheme.Anelectron bunch ismoving above a gratingwith rectangular grooves
In the formula derivations, we primarily consider the case that the electron beam excites an electrically
perfectly conducting grating with finite rectangular grooves, and the schematic diagram of which is
illustrated in Fig. 1.
The incident filed can be given by the Fourier transform of the free space field produced by an electron
beamwith charge ofQmoving along the z direction at a relativistic velocity βc[6]
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where x0 and z0 are the initial charge coordinates, kkz 0 and 22020 yzx kkkk  and theFcoh is the
coherence bunch factor. Assuming uncorrelated electron distributions,        tTyYxXtyx ,, ,the
coherent integral is given by[2]
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The reflectedwaves in the region above the grating can be expanded in continuous series,
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The radiation directions can be defined in terms of the angular coordinate in relation to thewave-numbers
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The field in the grooves can be expanded into a series of openmouthwaveguidemodes[11]
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where zp, ap and hp are the center longitudinal position, width and depth of p-th groove respectively. The number
of the grooves isNg. It should be noted that the groove sizes can be set to be different from each other.
Using boundary conditions on the grating and continuity conditions between the solutions of the
upper half space and those in the grooves, we get a set of algebraic equations for the unknowns
coefficients. The system for the unknown waveguide amplitude are
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and
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The coefficients of the field in the upper half space can be then obtained by
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The radiated energy related to the amplitudes of the reflectedwaves can be expressed as
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Summary
In this paper, we have carried out the modal matching method for the calculations of finite-grating with
rectangular grooves. This method can be an alternative and equivalent method of the EFIE theory for the
specific situation. More characteristics about the SPR from finite-grating with rectangular grooves will be
studied in the futurework.
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